We present a class of four-dimensional models, with a non-supersymmetric spectrum, in which the radiative corrections to the Higgs mass are not sensitive, at least at one-loop, to the UV completion of the theory. At one loop, Yukawa interactions of the top quark contribute to a finite and negative Higgs squared mass which triggers the electroweak symmetry breaking, as in softly broken supersymmetric theories, while gauge interactions lead to a logarithmic cutoff dependent correction that can remain subdominant. Our construction relies on a hard supersymmetry breaking localized in the theory space of deconstruction models and predicts, within a renormalizable setup, analogous physics as five-dimensional scenarios of Scherk-Schwarz supersymmetry breaking. The electroweak symmetry breaking can be calculated in terms of the deconstruction scale, replication number, top-quark mass and electroweak gauge couplings. For m top ∼ 170 Gev, the Higgs mass varies from 158 GeV for N = 2 to 178 GeV for N = 10.
The weak scale is unlikely to be a fundamental scale of physics. Its calculation in terms of more fundamental scales is one of the central problems in particle physics. The problem is aggravated by the fact that in the Standard Model (SM) the Higgs field mass parameter gets radiative corrections that grow quadratically with the scale Λ of new physics: m 2 h ∼ Λ 2 . Thus, any attempt to calculate m h in terms of a more fundamental scale Λ and to make it stable against radiative corrections needs a mechanism of suppression of the quadratic dependence on Λ; the higher the scale Λ is, the stronger suppression is required.
An attractive solution to the stability aspect of the hierarchy problem is provided by softly broken supersymmetry. Quantum corrections to the weak scale depend quadratically on M SUSY and only logarithmically on the cutoff scale Λ: δ m 2 ∼ M 2 SUSY ln Λ (therefore Λ can be taken as high as the Planck scale). However, the generation of the weak scale v h ≪ Λ is overshadowed by the µ-problem, i.e., by the question why the supersymmetric parameter µ is of the order of the weak scale. Also, some other aspects of softly broken supersymmetric theories are sufficiently troublesome to justify the quest for alternative routes of solving the hierarchy problem.
An important new element in attempts to solve the hierarchy problem is the idea of large (TeV −1 size) extra dimensions [1] , realized by low scale string theories or at the level of effective theories [2] . One possibility, which does not require supersymmetry, is to consider the Higgs boson to be a component of the gauge field propagating in extra dimensions. The Higgs potential, by higher-dimensional gauge invariance, does not depend on the cutoff scale and is calculable in terms of the compactification scale M c ∼ 1/R [3] . Another possibility [4, 5, 6] is to break supersymmetry via the Scherk-Schwarz mechanism [7] . The non-local character of this mechanism ensures that at least one-loop corrections to the Higgs mass are finite [5, 8] . In the effective theory supersymmetry is broken in a hard-way and it is conceivable that divergences re-appear at higher-loop level. However, large extra dimensions and related low value of the cutoff scale Λ change qualitatively the hierarchy problem in the sense that calculating m h in terms of R and Λ does not require as strong suppression of quadratic divergences as for the canonical case with Λ = M PL . From a phenomenological point of view, with the cutoff scale close to the compactification scale, one-loop finiteness of the leading corrections to the Higgs potential is sufficient for the cutoff dependence to be very weak. This point of view is taken in the model of Ref. [5] . The electroweak symmetry breaking (EWSB) is triggered by the top/stop loops. Although the gauge interactions contribute to a quadratically divergent result [9] , the finiteness of the leading corrections still allows to make predictions about the Higgs boson mass [10] . The obvious advantage of this scenario is that the full Higgs potential and the superpartner masses are calculable to a good precision in terms of one dimensionful parameter -the compactification radius, and the soft breaking masses are not necessary.
Recently, a new idea called deconstruction appeared [11, 12] which allows to realize the physics of extra dimensions in a strictly four-dimensional set-up. Soon after, the 4D analogue of the mechanism [3] was constructed [13] where the Higgs boson mass is protected from receiving divergent radiative corrections by the pseudo-Goldstone mechanism (see also [14] for another deconstruction model of electroweak symmetry breaking and [15] for a deconstruction model where the radiative corrections are highly suppressed as a result of the topological nature of the supersymmetry breaking). Although the deconstruction models yield no unambiguous predictions about the fundamental scale, the low-scale unification [16] suggests that the fundamental scale could be much lower than the Planck scale. Thus, similarly as in the large extra dimensions models, less suppression of the quadratic divergence is required to alleviate the hierarchy problem. In this paper we investigate the four-dimensional analogue of the ScherkSchwarz mechanism and take the model proposed by Barbieri, Hall and Nomura (BHN) [5] as our reference point. We do not aim at constructing a complete and phenomenologically viable model, which would give the Standard Model as its low-energy approximation. We rather aim at analyzing the general situation, when divergences in non-supersymmetric theories are considerably softened.
More precisely, we start with N = 1 supersymmetric models consisting of a chain of N gauge groups which communicate to each other through N − 1 bifundamental link-Higgs fields Φ i [17] . The matter and Higgs fields are also replicated and represented by a set of N chiral superfields transforming in fundamental representation of the corresponding gauge group. When the linkHiggs fields acquire vacuum expectation values (vev) the mass pattern of the gauge, Higgs and matter fields is similar as in the theories with extra dimensions. We are mainly interested in the models in which the low-energy spectrum (zero-modes of the mass matrix) shows no sign of supersymmetry but still the radiative corrections to the mass parameters are weakly dependent on the cutoff scale. First, recall how the 5D supersymmetric Yang-Mills theories on S 1 /Z 2 are realized in the 4D set-up [17] . We write a supersymmetric Lagrangian for a chain of N gauge multiplets (A a i , χ a i ) (with common gauge coupling g 0 ) and N chiral, link-Higgs multiplets (Φ i , Ψ i ). In this paper all the gauge groups are SU(2) and the diagonal subgroup is identified with the SM weak hypercharge group. The link fields are 2 × 2 complex matrices transforming in the fundamental representation of the i-th and antifundamental of the (i+1)-th gauge group . The orbifolding procedure is accounted for by the fact that the first and the last gauge groups are not linked, thus the quiver diagram has 'topology' of the line segment (see Fig. 1 ). The product group is spontaneously broken by the link-Higgs fields which acquire a common expectation value Φ i = v1. Diagonalizing the mass matrix, one finds that the spectrum in the large N limit is the same as in the 5D super-YM theory compactified on S 1 /Z 2 . In particular, the link-Higgs degrees of freedom account for completing N = 1 gauge multiplets up to N = 2 at every massive level.
To realize the SM matter and Higgs fields in the bulk we need to deconstruct 5D hypermultiplets. To this end, to every gauge group we attach a set of chiral multiplets: 'Higgs doublets' H i = (h i , ψ Hi ) and 'quark doublets' Q i = (q i , ψ Qi ), in the fundamental of the i-th group and their mirror partners with opposite quantum numbersH i = (h i ,ψ Hi ), Q i = (q i ,ψ Qi ) which complete the spectrum to N = 2 hypermultiplets. The superpotential is chosen as:
To complete the Standard Model quark spectrum we need to add right-handed quark multiplets U i and D i and their mirrors. Since no color or hypercharge group is present in our toy-model these fields are singlets. The superpotential is chosen as W = (
and analogously for D i . In order that the hypermultiplet mass towers match that of the gauge multiplet one has to fine-tune the parameters of the superpotential
For hypermultiplets implementing the S 1 /Z 2 orbifold would consist in removing the mirror multipletsH N ,Q N ,Ũ N ,D N at the N-th site. In general, one removes those fields at the N-th site which in the 5D picture have negative Z 2 parity.
In order to get the Yukawa interactions of the Higgs boson with the up-quarks it is sufficient to add to the superpotential the Yukawa term which involves only the superfields from the first site (we omit in our notations the SU(2) antisymmetric tensor used to build an invariant from two fundamental representations):
In the 5D picture this choice corresponds to brane Yukawa interactions at x 5 = 0. In the 4D set-up such a choice is stable in the large N limit when N = 2 supersymmetry is recovered. For finite N, when supersymmetry is broken, Yukawa interactions at other sites will be generated at higher-loop level. At the moment we do not have the Yukawa interactions of the Higgs boson with the down-quarks; we comment on this issue at the end of the paper. At this point one could proceed towards the phenomenological models in the standard way, that is add soft terms to obtain splittings of the multiplets and to trigger the electroweak symmetry breaking. In this paper we investigate an alternative road.
As a first step we investigate loop corrections to the Higgs boson mass from the Yukawa couplings. Generically, the dominant contribution to the one-loop Higgs mass is due to Yukawa interactions with the top quarks. In SM this contribution is quadratically divergent, while in the MSSM the quadratic divergence is canceled by the top squark loops. Here, we analyze the set-up where such boson-fermion cancellation occurs when we break supersymmetry in a hard way by removing some of the degrees of freedom in a non-supersymmetric way. For the discussion of divergences it is irrelevant what is the precise pattern of the breaking; the only important thing is that the part of the Lagrangian involving the fields of the first site maintains the supersymmetric form. In particular, we assume that all supertraces at the first site are vanishing.
If the link-Higgs vevs are absent it is clear that at one-loop Yukawa interactions do not feel the supersymmetry breaking on the other end of the chain. Thus, the one-loop radiative correction to the h 1 squared mass proportional to λ are absent. As soon as we switch on the
One-loop diagrams involving the top Yukawa coupling and contributing to the squared mass of the Higgs boson.
link-Higgs vevs, the fields living at different sites are allowed to mix and we have to perform an orthogonal transformation to diagonalize the mass matrix. Since supersymmetry is broken, generically the spectrum is completely non-supersymmetric (boson and fermion masses will be different and there can be a different number of bosonic and fermionic degrees of freedom). However, the λ-proportional corrections to the Higgs mass are still controlled by the first site and, as a consequence, they are finite! To see this we need to perform an orthogonal transformation to express the original fields in terms of the mass eigenstates:
The zero mode Higgs mass receives one-loop radiative corrections proportional to the Yukawa coupling through the diagrams depicted in Fig. 2 , which results in:
The divergences in this expression are proportional to:
The coefficient of the quadratic divergence vanishes by the fact, that a q i n , b Q i n are coefficients of the orthogonal transformation diagonalizing the squark and quark squared mass matrices, respectively. Furthermore, orthogonality identities from the diagonalization of the mass matrices also give: n m
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. This leads to the conclusion 1 From now, x i and ψ Xi will denote respectively the scalar and the chiral fermionic components of the chiral superfield X i . The mass eigenstates will be denoted with parenthesized subscripts: x (m) and ψ X (m) with masses m that the Higgs mass gets logarithmically divergent contribution proportional to the supertrace in the quark sector at the first site, which we assumed to vanish. Thus, in spite of the fact that the theory is non-supersymmetric, the Higgs mass (in fact the same holds for the squarks) gets, from the Yukawa interactions, only a finite one-loop correction to its mass. These conclusions hold even if the model has a different number of bosonic and fermionic degrees of freedom! To illustrate this discussion we present a construction inspired by the five-dimensional of the BHN model [5] . Arriving at the spectrum of [5] involves some tunings of the parameters. But we stress that these tunings are by no means important for the cancellation of divergences; they serve only to obtain simple mass matrices, so that formulae for the Higgs boson mass can be evaluated explicitly. So we tune the parameters in the superpotential (1) as:
We also add Φ N link-Higgs, as in Fig. ( 3), which we need to avoid a massless gaugino mode.
The magnifying glass view of the N-th site of the model. The fields φ N ,h N and ψQ N have been removed in order to break supersymmetry and induce a mass splitting in the low-energy theory. This specific construction mimics the spectrum of the 5D supersymmetric model on
Similarly as in the deconstruction of S 1 /Z 2 models, the orbifolding procedure amounts to removing those fields from the mirror multiplets at the N-th site which in the 5D picture have both Z 2 quantum numbers negative, the (−−) states of [5] .
In the second step we break supersymmetry by setting φ N ,h N and ψQ N to zero in the Lagrangian (see Fig. 3 ). This is of course hard breaking of supersymmetry, as some the fields at the last site lose their superpartners (a similar supersymmetry breaking has also been proposed in Ref. [15] ). Moreover, in order for the Higgs mass matrix to have a zero mode we add a soft breaking negative squared mass term, −g
2 Diagonalizing the mass matrices yields a spectrum as in Table 1 . At the massless level we have only the gauge field, quarks and the Higgs boson. Their lightest superpartners have massesm (1) ∼ g 0 v/(2N +1) and include a Dirac gaugino, two squarks for every quark and a Dirac Higgsino. The complete mass matrices and their eigenvector can be found in Appendix A. Within this particular model, we can now get a close expression of the finite radiative Yukawa correction. Let us evaluate it. gauge and link quark Higgs 
√ 2 transforms as a singlet -similar definitions for the bosonic components hold. Note that the singlet bosonic as well as fermionic fields remain massless, fortunately they will also remain uncharged under the full SM gauge group.
The top-quark Yukawa term (2) in the superpotential leads to the following interactions:
The orthogonal transformations into the mass eigenstates are given in Appendix A. Plugging in the mode decomposition we find the following interactions involving the zero mode Higgs doublet h (0) ≡ H:
The one-loop radiative correction to the Higgs mass can now be computed explicitly and after some algebra, we arrive at:
where F (Λ, N) is a pure numerical factor given by:
the cutoff, X, being related to the cutoff scale of the theory by Λ = 2g 0 v sinh X. The normalized coupling, λ T = λ/N 3/2 , is the Yukawa coupling of the zero mode Higgs to the zero mode quarks,
i.e., the Yukawa coupling of the effective SM; similarly, g = g 0 / √ N is the zero mode SU(2) gauge coupling. Notice that according to our general discussion, F (Λ, N) is finite when Λ goes to infinity. The Fig. 4 illustrates the insensitivity of the Higgs mass to the high energy physics. .020 Figure 4 : UV insensitivity of the one-loop Yukawa correction to the Higss mass. We have plotted for different replication number, N, the numerical factor that enters in the one-loop correction to the Higgs mass as a function of the cutoff scale. We conclude that this factor is completely determined by the IR physics.
Note that in the 4D model, the sums over the KK modes are finite and one can freely exchange the sum with the integral. Thus, contrary to the 5D models, one does not rely on the procedure of KK-regularization, which is sometimes questioned [18] or at least requires a careful treatment of the symmetries of the theory [19] . In a sense, the 4D model can be considered a regularization of the construction [5] , which truncates the KK-tower at a finite value, but still preserves the finiteness properties.
We have shown in general that one-loop corrections in certain non-supersymmetric theories can be surprisingly softened. What about two-and higher-loop corrections? The one-loop cancellation of quadratic divergences depends crucially on the tree-level equality of the Yukawa and 4-scalar couplings of the Higgs field on the first site. However, due to the mass splitting between quarks and squarks these couplings are renormalized differently.
3 Thus we expect quadratic divergences to reappear at the two-loop level.
We come back to the general analysis of the model defined by the superpotential (1). Except for the top-Yukawa couplings there are other sources of quadratic divergences which are proportional to the gauge coupling or to the Yukawa couplings to the link-Higgs. Following the discussion of the top-Yukawa contributions we analyze the general conditions to avoid any quadratic divergences. The first potential source originates from the couplings of the Higgs field to the gauge multiplet (and to itself in the D-term scalar potential) and the relevant coupling leading to quadratic divergences are:
The second source comes from the F-term of the superpotential (1) and the dangerous terms which yield quadratic divergences are:
Here, the situation is qualitatively different than in the case of top-Yukawa contribution, as interactions occur at all sites. To avoid quadratic divergences proportional to g 0 we have to ensure that at every site the full Higgs multiplet interacts with the full gauge multiplet. In particular we need N gauginos. When the link-Higgs fields get vevs, the gauginos get Dirac masses through bilinear coupling to the N − 1 link-Higgsinos (the N-th link-Higgsino does not couple to gauginos as the N-th link-Higgs is absent). To avoid massless gauginos we need to add supersymmetry breaking terms. This can be done either in a soft way -by adding the Majorana mass terms for gauginos or in a hard way -coupling gauginos and link-Higgsinos via Dirac mass term. In our specific model we chose to add the Dirac mass i
, where T a are the normalized hermitian generators of the fundamental representation of SU(2). This gives us, in the large N limit, the same mass spectrum of gauginos as in [5] .
Similarly, for quadratic divergences proportional to y i to be absent, we need full link and mirror multiplets to be present at the i-th site. Note that, since y N ≡ 0, adding or removing links-Higgs and mirror degrees of freedom at the N-th site has no consequence for the divergence of the Higgs mass. We used this fact in our model and placed the hard supersymmetry breaking sector at the N-th site.
In our specific model these interaction are all proportional to the gauge coupling (as we tuned the link-Yukawa couplings with the gauge coupling). The diagrams that contribute to the one-loop zero mode Higgs mass are depicted in Fig 5. They give:
where g is the zero mode SU(2) gauge coupling and v is the deconstruction scale. The numerical factor G(Λ, N) is given in terms of a complicated integral: )(x 2 + sin
H † Figure 5 : One-loop diagrams involving gauge interactions and contributing to the squared mass of the Higgs boson.
As it can be checked explicitly and following our general discussion, this integral is free of quadratic divergence. However, it exhibits a logarithmic divergence in the cutoff scale:
The cutoff dependence is similar as in the softly broken supersymmetry, but the M SUSY scale is replaced here by the deconstruction scale v. If v is close to the weak scale (which is the case as long as N is not too large) then the one-loop sensitivity to the cutoff is weak. The previous evaluation of the Yukawa and gauge radiative corrections to the zero mode Higgs mass suggests that they will trigger the electroweak symmetry breaking. To study in full details this breaking, we need now to compute the one-loop effective potential given by: (15) where m b and m f are respectively the bosonic and fermionic mass matrices as functions of the vev of the Higgs field, v H . 4 We consider only the top-multiplet contribution and the dependence on the Higgs vev is coming from the Yukawa interactions localized on the first site only.
For the stop sector, in the basis (
, we obtain the following 2N × 2N squared mass matrix (m, n, p, q = 1 . . . N):
where we have defined: c(m) = cos
, and the two coefficients a b and b b are related to the Yukawa coupling as:
Note that squarks mix with mirror squarks once the electroweak symmetry is broken. Similarly in the top sector, in the basis (ψŨ L (m) , ψ U R (n) ) and (ψŨ R (m) , ψ U L (n) ), the (2N − 1) × (2N − 1) squared mass matrix reads (m, p = 0 . . . N − 1, n, q = 1 . . . N − 1):
where we have now defined d(m) = cos mπ 2N
, and the two coefficients a f and b f are given by:
We will discuss in a moment the diagonalization of these matrices. But first, we would like to show that two important supertraces are independent of the vev of the Higgs. Indeed: 
This ensures that the one-loop potential for v H has no divergent dependence on the cutoff of the theory: the EWSB is triggered by the low energy physics and is not dominated by unknown physics that will be revealed at or above the cutoff scale. Adding the tree-level Higgs self-coupling originating from the D-terms, we get:
where the supertrace is over the 2N bosonic and 2N − 1 fermionic eigenvalues of the matrices (16)- (18) . Let us now turn to the determination of the spectrum. Using the general formula (B.12) for the determinants, the secular equation of the stop squared mass matrix is given by:
5 Once the U (1) hypercharge interactions are included along the line discussed later, the gauge coupling, g, in the tree level term is replaced by g 2 + g ′2 , where g ′ is the U (1) gauge coupling. The numerical simulations reported at the end of the paper include of course the U (1) interactions. which, using some remarkable identities, can be rewritten as a polynomial equation of degree 2N:
where x is the dimensionless eigenvalue x = ρ/(2g 0 v), τ = λ T v H N/(g 0 v) characterizes the Higgs vev in units of g 0 v, and RT N and RU N −1 are the reduced Chebyshev polynomials:
Similarly, the fermionic secular equation is
and it can be written in the form of a polynomial equation of degree 2N − 1:
All the pieces are now set to numerically evaluate the potential V (v H ) and find its minimum. The results are plotted in Fig. 6 for different values of the replication number N. The Higgs mass after EWSB becomes a function of low energy parameters only: the top Yukawa coupling, the Higgs vev, the electroweak gauge coupling and the replication number. The deconstruction scale, v is indeed fixed in terms of the low energy parameters once the Higgs vev is fitted to its phenomenological value. Note that the relation between the top mass and the top Yukawa coupling is modified compare to the Standard Model since, here, the top mass corresponds to the lowest eigenvalue of the fermionic mass matrix (18) . Some numerical results are given in Table 2 for the Higss mass, the stop mass, the first KK excitation of the top and the deconstruction scale, v. Interestingly enough, after EWSB, the stop is lighter than the top.
Finally, we comment on how the toy-model presented here can be extended to match the Standard Model phenomenology. The obvious missing pieces are:
• Leptons
One can replicate the lepton superfields, SU(2) doublets L i and singlets E i , and write superpotential exactly in the same way as for the quarks. Analogously, one introduces Yukawa interactions of the leptons and the Higgs at the first site. : One-loop effective potential for the Higgs scalar field for different value of the replication number N. As in softly broken supersymmetric theories, radiative corrections trigger EWSB. The Higgs vev is a function of the top Yukawa coupling, the SM gauge coupling constants and the deconstruction scale. Fitting this Higgs vev to its phenomenological value, we get the prediction for the Higgs mass. The UV insensitivity of the Higgs one-loop effective potential ensures that the EWSB is reliably computed in our effective theory.
• SU(3) color group
In the real world quarks transform in the 3 or3 representation of the color group. Replicating SU(3) gauge group so as to obtain only one octet of massless gluon and superpartners separated by a mass gap does not bring any complication. One introduces a set of link-Higgs superfields Γ i transforming as (3 i ,3 i+1 ) and the rest of the construction is analogous to the SU(2) case. The problem appears when we want to obtain the KKtower for the quark doublets; the gauge invariant superpotential must now have the form
) and leads to non-renormalizable interactions. A more satisfactory alternative which allows to maintain renormalizability is not to replicate the color gauge group and assume that all quark superfields Q i , U i and D i are charged under a single SU(3). Then the superpotential for these superfields has the same form as in the pure SU(2) case. Of course, then the model has no extra-dimensional interpretation but this does not change any conclusions about softness of the radiative corrections. It is nothing but a deconstructed version of a brane-world scenario where QCD interactions are localized on the brane while weak interactions are free to propagate in the bulk.
• U(1) hypercharge group Similar problems as in the SU(3) case arise when we replicate the hypercharge group: writing an invariant superpotential so as to get the KK-tower of quarks and leptons implies non-renormalizable interactions. In addition, one must worry about anomalies, which must be compensated, e.g., by deconstructed Wess-Zumino terms [20] . Therefore, the more plausible alternative is not to replicate the hypercharge group. One avoids non-renormalizable interactions and as a byproduct the anomalies automatically cancel. Indeed, the fermion spectrum at all sites but the last one is vector-like: every fermion is accompanied by the mirror fermion with opposite quantum numbers. At the N-th site the fermion spectrum is the same as in the MSSM. Note that in the 5D model of Ref. [5] , the issue of the U(1) anomaly is more subtle [9, 21, 22] .
• Down-quark masses In the supersymmetric models with only one light Higgs doublet there is the well-known problem of coupling the neutral Higgs boson to the down quarks, as holomorphicity forbids the H † QD term in the superpotential. A novel way to circumvent this problem was worked out in Ref. [5] . It was noted that at the Z ′ 2 fixed point one can write Yukawa interactions between the multiplets of the second supersymmetry, which is not projected out at that point. In the models of deconstruction this solution has no direct analogue, as the second supersymmetry appears only in the large N → ∞ limit. Nevertheless, at the N-th site one can still construct multiplets
and write the Yukawa interactions as if resulting from the superpotential term
It is easy to check that, similarly as the Yukawa interactions (6) at the first site, the quark and squark loops resulting from (28) do not produce any divergences in the Higgs mass.
So far supersymmetry is the best ingredient to protect the Higgs mass from high energy physics. Unfortunately, a new sector plugged by unknowns and even some fine-tunings is called for to break supersymmetry and to allow for a phenomenologically viable spectrum. Recently, Barbieri, Hall and Nomura proposed to circumvent this supersymmetry breaking sector; the supersymmetry breaking would rather have a geometrical origin as resulting from a compactification on a non-trivial orbifold. We propose a four-dimensional set-up, relying on a fully renormalizable theory, that shares similar properties. Electroweak symmetry breaking is triggered by radiative corrections protected by some remnants of supersymmetry, yet completely broken. The Higgs mass, at one loop, is insensitive to UV physics and can be computed in terms of low energy parameters only. In the past few years, several non supersymmetric fourdimensional models have been proposed [23, 24, 25] in which the one-loop Higgs potential is not destabilized by radiative corrections, however higher loop corrections are much more dangerous if not vexatious [26] . Localization of supersymmetry breaking in the theory space of deconstruction models might be here the key to protect the predictability of the theory at higher loops. 
Appendix A Mass matrices and mode decomposition
In this appendix we give the explicit formulae for the mass matrices and mode decomposition into mass eigenstates in the model considered in the paper. As it does not introduce any complication, we can be more general here and consider a chain of SU(K) groups with arbitrary K.
Let us begin with the gauge sector. We consider N super-Yang-Mills SU(K) multiplets (A a i , χ a i ) communicating to each other through N link-Higgs chiral multiplets (φ i , ψ φ i ) transforming as (K i ,K i+1 ); in other words links are K × K complex matrices transforming as
The scalar φ N is removed from the Lagrangian while the N-th link-Higgsino transforms as (K N ,K N ). The D-term potential has vacua for Φ i = v i 1. If we take the special point on the moduli space where all vevs are equal (and real) v i = v, then the product gauge group is broken down to its diagonal subgroup. The mass term for the gauge bosons are [12] :
This mass term is diagonalized by the following orthogonal transformation:
where η 0 = 1/ √ 2 and otherwise η n = 1. The spectrum of gauge boson contains a massless mode A µ (0) corresponding to the unbroken diagonal SU(K) and a tower of gauge bosons A µ (n) with masses:
In the large N limit the gauge boson masses are
2n. This matches the gauge boson spectrum of the BHN model upon identification:
This differs from the aliphatic case by a factor of one half, which can be easily understood as resulting from orbifolding the circle twice. The scalar link-Higgs degrees of freedom split into:
in adjoint representation of the diagonal group. These are massless (in the Landau gauge) Goldstone boson which become the longitudinal components of the massive gauge fields. Their counterpart in the 5D models are KKmodes of the fifth component of the gauge field.
• N − 1 real scalars φ
in adjoint representation of the diagonal group. When the link Higgs fields get vev, the D-term potential generates mass terms:
The mass matrix is diagonalized by the orthogonal transformation:
The n-th mode φ a (n) has mass equal to m n , matching at every massive level that of the gauge boson. Thus, φ a (n) corresponds to an adjoint scalar of 5d N = 2 gauge multiplets.
• N − 1 complex scalars φ
, singlets under the diagonal subgroup. They correspond to flat directions of the D-term potential and have no counterpart in the 5D supersymmetric SU(K) model. One can get rid of them [17] but in these paper we kept them in the physical spectrum. However, if we add a product U(1) hypercharge group to our model (this implies that the link Higgs also must also have the U(1) charge (1/2 i , −1/2 i+1 )) then the real part of φ We now turn to the fermionic part of the gauge sector. Similarly as for the link-scalars, we split the link-Higgsino degrees of freedom into adjoints, ψ
, and singlets, ψ 
which is diagonalized by:
acquires mass:
The singlets ψ
remain massless, as long as links do not have any U(1) charges. Apart of the singlets, in the large N limit we recover the mass tower of the BHN model.
The Higgs sector is represented by the set of chiral multiplets H i = (h i , ψ H i ) in the fundamental representation of the i-th group, and their antifundamental mirrorsH i = (h i , ψH i ). These degrees of freedom acquire their masses from the F-term potential. In order to obtain the same mass tower as in the gauge sector we choose the superpotential of the form:
At the N-th site we remove the mirror Higgsh N and add the scalar mass term ∆L = g (A.14)
The Dirac fermion Ψ H (n) = ψ H (n) −iσ 2 ψ * H (n) acquires massm (n) .
As for the quark doublet degrees of freedom, we again start with a set of fundamental chiral multiplets Q i = (q i , ψ Q i ) and their antifundamental mirrorsQ i = (q i , ψQ 
Appendix B Trigonometric sums and determinant
We collect in this appendix the results of different trigonometric sums that appear throughout the paper. First, the normalizations of the mass eigenstates modes of the different fields follow from the identities: 
